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Interplanetary trajectory design for standard spacecraft

Aim: To find the best path for a conventional spacecraft 
‣ Fuel-optimal, time-optimal, energy-optimal, etc. 

Manoeuvres accomplished through on-board propulsion 
‣ Small errors in the nominal trajectory zeroed with TCM 
‣ 6 DoF control usually available (RCS) 

Control authority is not an issue 
‣ S/C designed to cope with off-nominal conditions, 

unless catastrophic events occur 
‣ S/C over-actuated
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Trajectory design for interplanetary cubesats

Aim: To find the best solution under much tighter constraints 
‣ Power generated 
‣ Propellant stored 
‣ Thrust exerted 

Interplanetary cubesats have much less control authority 
‣ Capability of executing orbital manoeuvres strongly limited 

These features set new challenges in astrodynamics 
‣ Arrival: How to acquire a final, closed orbit about a planet? 
‣ Cruise: How to accomplish the interplanetary transfer? 
‣ Departure: How to leave the Earth?
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Case study: Cubesat mission to Mars

Devised strategy involves 
‣ Arrival: Performing ballistic capture upon Mars arrival 
‣ Cruise: Using on-board micro-propulsion 
‣ Departure: Using hybrid propulsion to leave the Earth 

Case study: A cubesat mission to Mars
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Ballistic capture (in a nutshell)

A massless particle is (temporarily) ballistically captured by a 
primary if (along the orbit) its Kepler energy (H) goes from 
positive to negative 
‣ The two-body state changes from hyperbolic to elliptic 
‣ Requires n-body dynamics, with n≥3 
‣ Permanent capture require dissipation 
‣ The opposite behavior is the ballistic escape
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Definition 1. P 3 is ballistically captured by P 2 at time t, if
H2ðuðtÞÞ 6 0. P 3 is temporary ballistically captured by P 2,
if

H 2ðuðtÞÞ 6 0 for t1 6 t 6 t2 and H 2ðuðtÞÞ > 0 for t

< t1 and t > t2;

for finite times t1; t2, t1 < t2. Temporary ballistic capture is
analogously referred to as weak capture.

Definition 2. P 3 is ballistically ejected (or ballistically
escapes) from P 2 along the solution uðtÞ at a time t1 if

H 2ðuðtÞÞ < 0 for t < t1 and H 2ðuðtÞÞP 0 for t P t1:

Analogous definitions are made for capture or ejection
w.r.t. the Earth, P 1, by substituting P 1, H 1, in place of
P 2, H 2, respectively. Temporary ballistic capture and ballis-
tic ejection are shown in Fig. 2.

The focus of the paper is to study resonance hops due to
P 3 passing near P 2 in the RTBP. As mentioned in Section 1,
it has been observed that forward and backward numerical
integration from weak capture near P 2 results in P 3 transi-
tioning into resonance orbits w.r.t. P 2, and hence a reso-
nance hop results. Thus, in order to study resonance
hops, it is necessary to study weak capture w.r.t. P 2.

The region where weak capture occurs can be used to
define the WSB. It is defined in Belbruno and Miller
(1993), Belbruno (2004), and further refined in Garcı́a
and Gómez (2007). We briefly present the latter refined
algorithmic version of the definition of the WSB. For refer-
ence, we refer to this as the ‘algorithmic definition’ of the
WSB, since later we will study an alternate definition. We
consider trajectories starting on a radial line lðhÞ departing
from P 2 and making an angle of h with the P 1 # P 2 line, rel-
ative to the rotating system (see Fig. 3). The trajectories are
assumed to start at the periapsis of an osculating ellipse
around P 2, whose semimajor axis lies on lðhÞ and whose
eccentricity e is held fixed along lðhÞ. Thus, the distance
from P 3 to P 2 is given by r2 ¼ að1# eÞ, where a is the semi-
major axis of the osculating ellipse. The initial velocity of
the trajectory is perpendicular to lðhÞ, and the Keplerian
energy H 2 relative to P 2 is negative, H 2 < 0. We want to
emphasize that in this definition the initial radial velocity
satisfies _r2 ¼ 0. Also, the initial velocity vector fulfilling

the above conditions can be chosen in two ways, which
only differ from one another by the sense direction of the
vector. The motion, for fixed values of the parameters h
and e, depends only on the initial distance r2. The motion
is called stable if after leaving lðhÞ the zero mass makes a
full turn about P 2 without going around P 1 and returns
to lðhÞ at a point with negative Kepler energy with respect
to P 2. The motion is otherwise called unstable. We empha-
size that this definition only concerns the first turn of P 3

around P 2.

Definition 3. The weak stability boundary is the locus of all
points r%ðh; eÞ along the radial line lðhÞ for which there is a
change of stability of the initial trajectory, that is, r%ðh; eÞ is
one of the endpoints of an interval ½r%1; r%2' characterized by
the fact that for all r 2 ½r%1; r%2' the motion is stable, and
there exist r0 62 ½r%1; r%2', arbitrarily close to either r%1 or r%2 for
which the the motion is unstable. Thus

W ¼ fr%ðh; eÞjh 2 ½0; 2pÞ; e 2 ½0; 1Þg:

Numerical experiments have shown that the WSB is
reminiscent of a Cantor set. The fractal dimension (correla-
tion dimension) of this set is expected to be between 2 and
3. The intersection between the weak stability boundary
and a typical Poincaré section is a set whose fractal dimen-
sion (correlation dimension) is expected to be between 1
and 2. Related to this, in Section 5 we compute the corre-
lation dimension of various orbits, and observe that the
orbits that undergo resonance hops (which are at the core
of the weak stability boundary) also have correlation
dimension between 1 and 2.

Fig. 2. Temporary ballistic capture and ballistic ejection. (The subscript of H is not shown to indicate either the Earth, P 1, or Moon, P 2.) (a) Temporary
ballistic capture. (b) Ballistic escape.

Fig. 3. The stability criterion used to numerically define the WSB.
Although Definition 3 is useful to locate the WSB in the configuration
space, it does not give any insight into the capture dynamics and the phase
portrait characterizing the WSB.
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The role of true anomaly in ballistic capture orbits 191
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Fig. 9 Trajectories in the inertial, dimensional Mercury-centered reference frame and their altitude from
the planet surface. a and c refer to the orbit b1 of Fig. 7, taken from C6

−1(0.25π, 0.95), whereas b and d
report orbit f 1 in Fig. 8, taken from C6

−1(1.25π, 0.95). a Orbit b1 from C6
−1(0.25π, 0.95). b Orbit f 1 from

C6
−1(1.25π, 0.95). c Altitude profile of orbit b1. d Altitude profile of orbit f 1

5.1 Discussion

The comparison carried out in this section has the objective of showing the differences
between the two main types of orbits encountered during the analysis of all stable sets
Cn

−1( f0, 0.95). These orbits either have a dynamics of the Hill curves as described by Propo-
sition 2, or a level function always less than Li , causing the P2 region being always connected
to the P1, exterior region. Both types are formally valid from the point of view of the ballistic
capture phenomenon. If the quantity of initial conditions contained in the capture sets is
considered, the solutions obtained for f0 = π seem to be the most appropriate. However, if
the characteristics of the orbits are analyzed, it is found that the best ones are those exploiting
the dynamics of the Hill regions in a favorable way. As discussed in Sect. 4, this can happen
only for 0 ! f0 < π , where the range 0 ! f0 ≤ π/2 is preferred, especially if long-term
capture is desired. It is worth mentioning that a similar behavior has been observed in Circi
(2012) by studying the linear dynamics about the collinear Lagrange points.
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Why ballistic capture

‣ Saves propellant 
• Reduces hyperbolic excess velocity upon arrival 
• Lowers the magnitude of arrival maneuver, or 
• Thus saving propellant,  

‣ Widens the launch windows 
• Target is a point in the space, not the planet 

‣ Increases safety 
• Avoids single-point injection failures
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Ballistic capture at Mars
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Figure 1: Structure of the ballistic capture transfers to Mars.

process is much more benign that the high velocity capture maneuver at r
p

that
must be done by a Hohmann transfer. From an operational point of view, this
is advantageous.

We now describe these steps in detail in the following sections.

3 Model

When our spacecraft, P , is in motion about Mars, from arrival at xc to Mars
ballistic capture at r

p

, we model the motion of P by the planar elliptic restricted
three-body problem, which takes into account Mars eccentricity e

p

= 0.093419.
We view the mass of P to be zero.

The planar elliptic restricted three-body problem studies the motion of a
massless particle, P , under the gravitational field generated by the mutual el-
liptic motion of two primaries, P1, P2, of masses m1, m2, respectively. In this
paper, P1 is the Sun, and P2 is Mars. The equations for the motion of P are

x00 � 2y0 = !
x

, y00 + 2x0 = !
y

. (1)

The subscripts in Eq. (1) are the partial derivatives of

!(x, y, f) =
⌦(x, y)

1 + e
p

cos f
, (2)

where the potential function is

⌦(x, y) =
1

2
(x2 + y2) +

1� µ

r1
+

µ

r2
+

1

2
µ(1� µ), (3)

and r1 =
⇥
(x+ µ)2 + y2

⇤1/2
, r2 =

⇥
(x+ µ� 1)2 + y2

⇤1/2
.

Equations (1) are written in a nonuniformly rotating, barycentric, adimen-
sional coordinate frame where P1 and P2 have fixed positions (�µ, 0) and
(1 � µ, 0), respectively, and µ = m2/(m1 + m2) is the mass parameter of the
system, µ = 3.2262081094⇥ 10�7. This coordinate frame isotropically pulsates
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Figure 6: A sample solution constructed by using the orbit in Figure 4. Left:
Sun-centered frame (the black orbit is the orbit needed to target the capture
point departing from the Earth; the red orbit is the capture orbit; the blue orbit
is the post-capture orbit). Right: the capture orbit (red) and the post-capture
orbit (blue) in the rotating Mars-centered frame.
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(a) Inertial frame
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(b) Rotating frame

Figure 7: A sample solution obtained by targeting a point in C6
�1(0.99,⇡/2).

This solution is interesting due to the fact the target point xc is 23 ⇥ 106

km from Mars. Also, it takes approximately the same amount of time to reach
Mars periapsis as the case in Figure 6. Left: Sun-centered inertial frame. Right:
rotating Mars-centered frame.

This is computed by assuming the spacecraft as being already in heliocentric
orbit at the Earth’s SOI; 4) A second maneuver, �V

c

, is performed to inject the
spacecraft into the ballistic capture orbit; 5) In between the two maneuvers, the
spacecraft moves in the heliocentric space far from both the Earth and Mars,
and therefore the dynamics is that of the two-body problem [9].

The parameters of the optimization (to be picked and held fixed) are:
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Figure 8: Comparison of Hohmann bitangential transfers and ballistic capture
transfers originated by the capture sets C(e, f0), e = 0.99, f0 = 0,⇡/4,⇡/2.

• The cost for the ballistic capture transfers is approximately constant re-
gardless of the periapsis radius r

p

. This is a great departure from Hohmann
transfers where the cost increases for increasing r

p

.

• The red dots in Figure 8 are organized into two di↵erent sets that corre-
spond to the two branches of the capture sets, see Figure 3.

• The set of red dots, as a function of r
p

is seen to have a series of gaps.
This is due to the structure of the stable and unstable sets as defined
in the algorithm for the weak stability boundary(see Appendix 1). As is
described in [6, 13], the stable and unstable sets alternate on each radial
line emanating from the secondary body (Mars in this case), giving a
Cantor-like structure.

The results from Figure 8(b) are summarized in Table 3.

Table 3: Comparison between ballistic capture transfers and Hohmann transfers
for the points in Figure 8(b). The saving, S, is computed as S = (�V

c

�
�V2)/�V

c

, where the �V2 associated to the H3 case is considered. S is a
measure of the e�ciency of the ballistic capture transfers. �t

c!p

is the time-
of-flight needed to go from xc to r

p

.

Point r
P

(km) �V
c

(km) �V2 (km/s) S (%) �t
c!p

(days)
(A) 49896 2.033 2.116 -4.0% 434
(B) 73896 2.036 2.267 -11.3% 433
(C) 91897 2.039 2.344 -14.9% 432
(D) 113897 2.041 2.414 -18.2% 431

From this table it can be seen that the time for the spacecraft to go from xc

to r
p

is on the order of a year. This should time should be able to be decreased
by very slightly adjusting �V

c

so that the distance between the spacecraft and
Mars decreases more rapidly.
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• High altitude Mars orbits easily accessible 
• Cheaper than Hohmann transfer(s) 
• No manoeuvre at arrival needed!



Ballistic capture in the news

9

• Topputo & Belbruno, arXiv, 2015 
• Topputo & Belbruno, CMDA, 2015



Reaching Mars with micro propulsion

Aim: target a point in the deep space, xc, to ensure capture 
using on-board Ion Propulsion 
‣ Assumptions: m0 = 12 kg, S/C in parabolic state wrt Earth 

• T(AU) = 11.312e^(-2.262*AU)                          [mN] 
• Isp(AU) = 3887.2*AU^2 – 13842*AU + 13445     [s] 

‣ TOF = 1179 days (3.2 years), mp = 2.79 kg (mass at Mars =  9.21 kg)
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Escaping the Earth

‣ Cubesats likely launched as piggy back payloads 
‣ No control on launch date 
‣ Released in low-altitude (LEO, GTO) Earth-bounded orbit 
‣ Escaping with on-board propulsion may be cumbersome 

• Long duration needed to escape 
- Pointing, operations, costs, etc. strongly affected 

• Much radiation dose accumulate 
- Solar arrays, shielding, etc. strongly affected
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Images taken from http://space.stackexchange.com

http://space.stackexchange.com


Dual propulsion idea

Both chemical and low-thrust propulsion on-board the system 
How it works: 
‣ S/C launched as piggy back in LEO 
‣ Earth escape achieved with chemical, impulsive burn 

• Short duration, less radiation 
‣ Masses involve in chemical propulsion are thrown away 

• Dual-staged S/C, interfaces, complexity 
‣ Cruise accomplished with on-board low-thrust propulsion 

‣ Concept proven in ESA study in 2012 
‣ Implemented by Lisa Pathfinder (for other reasons)
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Dual propulsion for cubesats

13

(a) Ballistic escape via impulsive maneuver and lunar
flyby.

(b) Ballistic capture and low-thrust descending at
Mars.

Figure 1. A sample low-energy low-thrust transfer to Mars.4

arrival epoch any launch date within the launch window. The extended transfer time allows also for
spacecraft check-out and out-gassing.

Besides the mere propellant mass reduction, the most important differences between patched-
conics and low-energy transfer orbits are briefly reported below.

(i) A number of final orbit injection options are available when temporary ballistic capture is
achieved. This is desirable if compared to the single-point injection option that is typical of
hyperbolic arrival orbits. Thus, ballistic capture reduces the risks associated to single-point
failures of impulsive injection burns achieved with chemical propulsion.

(ii) For quasi-planar parking orbit (as the GTO), the launch windows for low-energy transfers are
wider than those associated to patched-conics transfers.

(iii) The transfer time for low-energy transfers is longer than that of patched-conics transfers.
This holds as the low-energy transfers make use of the free transport associated to the WSB.
A zero-cost transfer arc is achieved at the cost of accepting the longer times typical of the
free-transport mechanism.

Three missions have already performed a gravitational capture at a celestial body.

• Hiten (JAXA), in 1992, arrived at the Moon using an exterior WSB transfer. This demon-
strated both the feasibility and the efficiency of such transfers (the spacecraft didn’t have
enough propellant to reach the Moon via an Hohmann transfer1).

• SMART-1 (ESA) performed an interior lunar capture in 2004; it acquired its final science
orbit in 2005. This demonstrated the feasibility of the interior lunar ballistic capture. The
region close to the Earth–Moon L1 point was reached using low-thrust propulsion from a
GTO.5

2

(a) Transfer trajectory as viewed in the Sun–Earth ro-
tating frame.

(b) Transfer trajectory as viewed in the Sun-centered
inertial frame.

Figure 2. A sample hybrid propulsion transfer to Mars.4

• GRAIL (NASA) used an exterior, 90-days WSB transfer to reach a polar orbit about the
Moon. The transfer has been chosen to allow for payload checkouts and commissioning
during the cruise phase.6

Low-energy transfers are going to be used in a number of future missions.

• A shared Ariane-5 Lunar Lander mission (in the frame of the ESA Lunar Exploration Pro-
gram) will execute a WSB transfer to the Moon departing from GTO within 2015-2018 time-
frame. The transfer is deemed very simple from the operational point of view.7

• LUNETTE (NASA) will use an exterior low energy transfer to set-up a network of small
lunar landers on the Moon surface. Six landers are delivered after a transfer similar to that of
GRAIL.8

• BepiColombo (ESA) will perform a gravitational capture upon arrival at Mercury. The ballis-
tic capture is chosen to both reduce the final orbit injection costs and to avoid the single-point
failure of the chemical engine.9

A typical science mission is taken as reference to assess the hybrid transfers to Mars. These mis-
sions perform remote sensing at Mars, and therefore the spacecraft are placed into low Mars orbits.
For this study, a circular polar/equatorial orbit with 400 km altitude has been selected. However,
the most important points of the hybrid transfers to Mars are: 1) the use of two different propulsion
systems; 2) the use of ballistic capture at Mars in combination with low-thrust propulsion. Thus,
the size of the final low Mars orbit does not play a major role, as the spiraling down (from ballistic
capture down to the final orbit) is associated to a standard controlled two-body motion, and there-
fore it is not the most important part of the study. In summary, the two following orbits at Mars are
considered:

3

(a) Ballistic escape via impulsive maneuver and lunar
flyby.

(b) Ballistic capture and low-thrust descending at
Mars.

Figure 1. A sample low-energy low-thrust transfer to Mars.4

arrival epoch any launch date within the launch window. The extended transfer time allows also for
spacecraft check-out and out-gassing.

Besides the mere propellant mass reduction, the most important differences between patched-
conics and low-energy transfer orbits are briefly reported below.

(i) A number of final orbit injection options are available when temporary ballistic capture is
achieved. This is desirable if compared to the single-point injection option that is typical of
hyperbolic arrival orbits. Thus, ballistic capture reduces the risks associated to single-point
failures of impulsive injection burns achieved with chemical propulsion.

(ii) For quasi-planar parking orbit (as the GTO), the launch windows for low-energy transfers are
wider than those associated to patched-conics transfers.

(iii) The transfer time for low-energy transfers is longer than that of patched-conics transfers.
This holds as the low-energy transfers make use of the free transport associated to the WSB.
A zero-cost transfer arc is achieved at the cost of accepting the longer times typical of the
free-transport mechanism.

Three missions have already performed a gravitational capture at a celestial body.

• Hiten (JAXA), in 1992, arrived at the Moon using an exterior WSB transfer. This demon-
strated both the feasibility and the efficiency of such transfers (the spacecraft didn’t have
enough propellant to reach the Moon via an Hohmann transfer1).

• SMART-1 (ESA) performed an interior lunar capture in 2004; it acquired its final science
orbit in 2005. This demonstrated the feasibility of the interior lunar ballistic capture. The
region close to the Earth–Moon L1 point was reached using low-thrust propulsion from a
GTO.5

2

Cubesat achieves escape 
with its own chemical 
propulsion system

Cubesat performs Earth-
Mars transfer with its own 
low-thrust propulsion

Upon arr ival , bal l is t ic 
capture is performed (and 
low-altitude orbit achieved)



Wrap up and conclusions

‣ Cubesats have been used successfully for Earth 
observation/communication 

‣ Wandering in the solar system with extremely low-
resources space systems (cubesats) raises a set of 
completely new challenges in astrodynamics 

‣ Ideas have been presented to attempt answering these 
new questions 

‣ These include 
• Performing ballistic capture 
• Having a dual propulsion system 

‣ More in-depth analyses needed …
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